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ABSTRACT 

In this paper, one dimensional Differential Transform Method (DTM) is applied on system of Second order 
differential equations. The approximate solutions obtained are in series form with easily computable components. 

Three examples are presented and the proximity of the numerical results obtained, when compared with exact solutions 
derivable from application of Laplace transform method, demonstrates the efficiency and simplicity of the method. 
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1. INTRODUCTION 

The Differential transform method (DTM) is a semi analytical numerical method that uses Taylor series for the 
solution of differential equations. 

It is an alternative procedure for obtaining the Taylor series solution of the given differential equation and is 
promising for various other types of differential equations. 

By application of the method, it is possible to obtain highly accurate results or exact solutions for differential 
equations. 

The concept of the differential transform method was first proposed by Zhou 7 , who solved linear and nonlinear 
initial value problems in electric circuit analysis. In recent years, Abdel-Halim Hassan 1 used differential transform method 
to solve higher order initial value problems. 

Ayaz 2 used DTM to find the series solution of system of differential equations. 

Naharil and Avinash 5 applied DTM to system of linear differential equations. Hassan 1 compared series solution 
obtained by DTM with decomposition method for linear and nonlinear initial value problems and prove that DTM is a 
reliable tool to find the numerical solutions. 

2. The Differential Transform Method: 

The transformation of the k th derivative of a function with one variable is 

1 d k u(x) 

U(k) =—( T~) at X = A 0 (1) 

kl dx k 70 
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Where u(x) is the original function and U (k) is the transformed function and the differential inverse 
transformation u(k ) is defined by 


u(x) = Y j u(k)(x- x k 0 ) ( 2 ) 

k= 0 


When x 0 = 0 , the function u(x) defined in (2) is expressed as 


u(x) = Yu(k)x k ( 3 ) 

k=0 

Equation (3) shows the similarity between one dimensional differential transform and one dimensional Taylor 
series expansion. 

The following fundamental theorems on differential transform method are handy: 

Theorem 1: 

If u(t ) = CCg(t) ± jBh(t) , then U ( k ) = aG(k ) ± j3H(k). 

Theorem 2: 

„ „ f 1 k = n 

If u(t) = t" , then U (k) = S(k — n) where S(k — n) = < , if 

[0 k^ n 


Theorem 3: 

If u(t ) = e' , then U (k) — — 

k\ 

Theorem 4: 

k 

If u(t) = g(t)h(t), then U(k) = Y J G (l)H(k- 1 ) 

1=0 

Theorem 5: 

k 

If x(t) = x l (t)x 2 (t), then X(k) = y ^ j X l (k x )X 2 (k ~k x ) 

k,= 0 

Theorem 6: 


d m x x (t) ( k + m)\ 

If x(t) = — . then X (k) = - 

dt m k\ 


X x (k + m ) 


Theorem 7: 
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/L k 

If x(t) = e A ' , then X ( k ) = , X is constant. 


k\ 


Theorem 8: 


(X 71 

If x(t) = sin(dtf + j3) , then X ( k ) = sin(& h j3) where OC and j3 are constants. 

k\ 2 

Theorem 9: 

C( k ft 

If x(t) = COS(G? + j3) , then X ( k ) = COS (k h j3) where OC and /3 are constants. 

k\ 2 

3. NUMERICAL APPLICATIONS 

Example 1: 

Consider the following system of differential equations: 

d 2 x d 2 y 


- + x-y = 5e 2 ' (4) 


dt dv 


_ dx dy „ 

2 -+y = 0 (5) 

dt dt 


dx 

With the conditions x — 1, y — 2, — = 0 , when t = 0. 

dt 

Applying differential transform method to equations (4) and (5) using the above mentioned theorem, we obtain 


(. k + 2 )(k + \)X(k + 2)-(k + 2 )(k + 1 )Y(k + 2 ) + X(k)~ Y(k ) = 5 — (6) 

k\ 

2 (k + 1 )X{k + 1) - {k + 1 )Y(k + 1) + Y(k) = 0 (7) 

Using initial conditions X (0) = 1,F (0) = 2 and X (1) = 0. 

Put k = 0 , we have X (2) = —4, F(l) = 2. 


k = l, X (3) = , 7(2) = -7. 

k = 2, X(4) = ~,Y(3) = -|- 
6 3. 

k = 3, 7(4) = - — 

4. 

The approximate solution when n = 4 (number of terms) using equation (3) is given by 
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x(t) = ^X(k)t k 

k = 0 

y(t) = j^Y(k)t k 


k = 0 


Thus x(t ) = 1 — 4U H — r’ f 4 . 

3 6 


y(t) = 2 + 2t-lt 2 --t 2 --t\ 
3 4 


Using the Laplace transform method, the exact solution of example 1 are 

x(t) = 4cosf-2sinf--^{8t?“' +e 2 '} 


y(t) = 6cos t + 2sin? - — {2e 1 + e 2 ‘ } 


Example 2. 

Consider the following system of differential equations: 
d 2 x 

— — + 8.x + 2 y = 24cos 4 1 (8) 

2 +2.x + 5v = 0 (9) 


dt 

d 2 y 


dt 

„ dx dy 

With the conditions X = y = U, — = 1 and = 2, when t = U. 

dt dt 

Applying differential transform method to equations (8) and (9) using the above mentioned theorem, we obtain 

A k bjr 

(J k + 2 )(k + 1 )X(k + 2) + 8 X(k) + 2Y(k) = 24— cos( — ) (10) 

k\ 2 

(k + 2 )(k + 1 )Y(k + 2) + 2 X(k) + 5 Y(k) = 0. (1 1) 


Using initial conditions X (0) = F (0) = 0, X (1) = 1, F(l) = 2 
Put k — 0, we have X(2) = 12,F(2) = 0. 

k = 1, X (3) = -2, F (3) = -2. 
k - 2, X{4) = -24, F(4) = -2. 
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k = 3, X(5) = 1,F(5) = — 

10 

The approximate solution when n = 5 (number of terms) using equation (3) is given by 

x(t)^X(k)t k 

k= 0 

y(t) = f j Y(k)t k 

k=0 

Thus x(t) = t + l2t 2 -2 1 3 -24 1 4 +T 5 . 


y(t) = 2t-2t 3 -2t 4 + — t 5 . 

10 

Using the Laplace transform method, the exact solution of example 2 are 


9 412 22 

x(t ) = — sin 2t H sin 3t sin At. 

10 105 7 


1 4 48 4 

y(t) = — {3sin2f -4 cos 2? + — sin 3? H cos 3?) cos4l 

5 3 7 7 


Example 3: 

Consider the following system of differential equations 

_ d 2 x .r.d 2 y s 

5 — - — h 12 — - — \-6x -0 (12) 
dt 2 dt 2 

c d 2 x r d 2 y ~ 

5 — r + 16 — f + 6y = 0(13) 
dt dt 


7 dx dy 

With the conditions x = — , y = 1, — = — = 0, when t = 0. 

4 dt dt 


Applying differential transform method to equations (12) and (13), using the above mentioned theorem, we 

obtain 

5 (k + 2 )(k + 1 )X(k + 2) + 12 (k + 2 )(k + l)F(it + 2) + 6 X(k) = 0 
5 (k + 2){k + 1 )X(k + 2) + 16(Ar + 2 )(k + 1 )Y(k + 2) + 6 Y(k) = 0 

7 

Using initial conditions X (0) = —,Y (0) = 1, X (1) = Y (1) = 0. 
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Put k — 0, we have 


k = 1, X(3) = F(3) = 0. 


-12 9 

X(2) = — — ,K(2) = — . 

5 lo 


903 237 

k = 2, X(4) = — -,F(4) = . 

800 640 

£ = 3, X(5) = F(5) = 0. 

The approximate solution when n = 5 (number of terms), using equation (3) is given by 


x(t) = Y J X(k)t k 


k= 0 


y(t) = Y J Y(k)t k 

k-0 


Thus 


x{t) = 


7 12 2 903 

r + 1 

4 5 800 





237 fJ 

640 


Using the Laplace transform method, the exact solutions of example (3) are 


x(t) = cos(l — ) +— cos(fV6). 
V 10 4 



)--^-cos(fx/6). 


4. CONCLUSIONS 


In this paper, we have applied differential transform method to system of second order differential equations. 
Three examples considered gave obtained results in Taylor series form. The smooth functional form of the solution over a 
time step is an added advantage of the method. 

Thus the DTM is a simple and efficient method for obtaining numerical solutions of system of differential equations. 
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